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Characterizations of BMO Associated with Gauss Measures 
via Commutators of Local Fractional Integrals 

Liguang Liu and Dachun Yang * 



Abstract Let d-y(x) = it~ n l 2 e~\ x \ dx for all x G R™ be the Gauss measure on M n . In 
this paper, the authors establish the characterizations of the space BMO(7) of Mauceri 
and Meda via commutators of either local fractional integral operators or local fractional 
maximal operators. To this end, the authors first prove that such a local fractional integral 
operator of order (3 is bounded from L p (^/) to L p ^ 1 ^ p ^{^), or from the Hardy space H 1 ^) 
of Mauceri and Meda to L x /(i-0)( 7 ) or from £ 1//3 (7) to BMO (7), where G (0,1) and 

pe(l,i//3). 
1 Introduction 

The space BMO(M n ) of functions with bounded mean oscillation was first introduced 
by John and Nirenberg [13] and it plays an important role in harmonic analysis and partial 
differential equations; see, for example, [23, 8, 21]. One of the remarkable characterizations 
of the space BMO(M n ) is given in terms of commutators of certain operators. In particular, 
when T is a singular integral with standard kernel, Coifman, Rochberg and Weiss [4] proved 
that b G BMO(M n ) is sufficient for [b,T](f) = bT(f) - T{bf) to be bounded on L p (R n ) 
with p G (l,oo) and also established a partial converse. The full converse of this result 
was obtained by Janson [12]. Moreover, assuming that In is a fractional integral operator 
of order (3 with (3 G (0, n) (see, for example, [20, p. 116]), Chanillo [3] proved that \b,Ip\ is 
bounded from L p (R n ) to L q (R n ) if and only if b G BMO(R n ), where 1 < p < q < 00 and 
1/q = l/p - (3 jn. 

The main purpose of this paper is to generalize the above result of Chanillo [3] to the 
setting of the Gauss measure metric space (R n , \ ■ \,dry), where | • | denotes the Euclidean 
norm and dj(x) = n~ n ' 2 e~\ x \ dx for all x G M ra the Gauss measure. Such an underlying 
space (M n , | • | , d*y) naturally appears in the analysis associated with the Ornstein-Uhlenbeck 
operator; see [18, 9, 19, 7, 17, 16] and the references therein. However, (W 1 , \ ■ |, d'y) is not 
a space of homogeneous type in the sense of Coifman and Weiss [5, 6]. Recently, Mauceri 
and Meda [16] developed a theory of singular integrals on (M n , | • |,cfy) which plays for 
the Ornstein-Uhlenbeck operator the same role as that the theory of classical Calderon- 
Zygmund operators plays for the Laplacian on classical Euclidean spaces. The approach 
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used in [16] requires the introduction of certain Hardy space H l (^f) and its dual space 
BM0(7) related to a certain class B a with a G (0, oo) of admissible balls. 

In this paper, we characterize the space BMO(7) of Mauceri and Meda [16] via com- 
mutators of either local fractional integral operators or local fractional maximal operators. 
To this end, we first establish the boundedness of such a local fractional integral operator 
on Lebesgue spaces or the corresponding Hardy space and its dual space. A main difficulty 
to obtain these results exists in the non-doubling property of the Gauss measure. 

To state our results, we first recall some notation and notions; see, for example, [16]. 
Let m(x) = min{l, l/|x|} for all x G W 1 . We denote by cb and re, respectively, the center 
and radius of any ball B. For any k > 0, denote by kB the ball with center cb and radius 
ktb- Let a G (0, oo). The admissible class B a of balls is defined to be the set of all balls 
B C W 1 such that tb < am(cg). For any a G (0, oo) and x G W l , denote by B a {x) the 
collection of all balls B G B a containing x. 

Mauceri and Meda [16, p. 281] introduced the following BMO(7) space. Precisely, a 
function / G L 1 ^) is said to belong to the space BMO(7) if 

11/11* = SU P TTvT / 1/0*0 - fs\ dry{x) < oo, 
BeBi 1(B) J B 

where and in what follows, ^(B) denotes the Gauss measure of B and 
Moreover, the BMO(7) norm of / is defined by 

(i-i) II/IIbmo (7 ) = ll/ll* + II/IIli (7 ). 

Mauceri and Meda [16] also introduced the atomic Hardy space H 1 ^), which is the 
predual space of BMO(7); see [16, Theorem 5.2]. Precisely, assume r G (l,oo). A 
atom is either the constant function 1, or a function a G -^(7) supported in a ball B G B\ 
with the properties ||a||ir( 7 ) < [y(B)] l / r ~ l and f B a(x)d'y(x) = 0. The Hardy space 
# 1,r (7) is the space of all functions g G L 1 ^) that admits a decomposition of the form 

oo 

(1-2) g = ^2\kak, 

k=l 

where {dk}kLi are (l; r ) atoms and {^k}kLi c ^ satisfying that YlT=i \^k\ < °°- The 
norm ||<7||ifi,r-( T ) of g is defined to be the infimum of X^fcLi l^fel over an decompositions 
of g as in (1.2). It was pointed out in [16, p. 297] that the Hardy spaces H l,r {^) for all 
r G (1, oo) coincide with equivalent norms, which will be simply denoted by H 1 ^). 

Motivated by geometry properties of the Gauss measure, especially the fact that the 
Gauss measure is doubling on each class of admissible balls B a (see [16, Proposition 2.1]), 
for any given a G (0, oo) and [3 G (0, 1), we define the local fractional integral operator if 
by that for all functions / G ££"(7) and x G M n , 

(1 ' 3) * 1( ' )5 L,,R5F* 1 
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where and in what follows, V(x, y) = r y(B(x, \x — y\)) and L2°( 7 ) denotes the set of all 
functions in L°°(7) with compact support. In fact, obviously, L°°(~f) = L°°(]R n ) and 
^c°(t) = L^IW 1 ) with equivalent norms. To characterize the space BMO(7), we also 
introduce a variant of the above local fractional integral operator if, which we denote by 
if. Precisely, for all functions / G ££°(t) and x G W\ 

(1-4) i£{f)(x)= t { -\ x J iv) muV ^)- 

JB(x,am(x)) [e W \X - y\ n ] 1 P 

By (2.3) below, it is not difficult to see that there exists a positive constant C, depending 
only on n and a, such that for all x G W 1 and y G B(x, am(x)), 

C- l V(x,y) < e-W\x-y\ n < CV(x,y). 

Hence, when / is a non-negative function, Ia(f) and Ia(f) are pointwisely equivalent. 

It is proved in Theorems 3.1 and 3.2 below that both and la are bounded from 
D> (7) to Lp/( 1 -p^( 7 ) when p G (1, 1//3), or from ^(7) to L 1 /( 1 -^( 7 ), or from L 1 /' 3 ( 7 ) to 
BMO(7) (actually, from {/ G L 1 / /3 ( 7 ) : / > 0} to BLO a (7), where BLO a (7) was intro- 
duced in [14] and BLO a (7) C BMO(7)). These results of boundedness are of independent 
interest; see [1, 22] for the corresponding boundedness results of the classical fractional 
integral operators. 

If b G BMO (7), then the commutator [b,Ia], generated by b and the local fractional 
integral operator /„, is defined by setting, for all functions / G L£°( 7 ), 

[&, iS (/) = &/£(/)-/£(&/). 

Moreover, we define [b, la] by setting, for all functions / G L^(j) and all x G M. n , 

JB(x,am(x)) [^foj/)] 1 P 

Applying the boundedness of if and if from L p ( 7 ) to L^ 1- ^) (7) with p G (1, 1//3), 
we characterize the space BMO( 7 ) by these commutators as follows. 

Theorem 1.1 Let a G (0, 00), (3 G (0, 1), 1 < p < q < 00 and 1/q = 1/p — (3. Then there 
exists a positive constant C , depending on a, p and q, such that the following hold, 
(i) If be BMO( 7 ), then for all f G L™(j), 



[b,I$](f) 



<c||6||.||/IIlp( 7) - 

L«( 7 ) 



Moreover, the sublinear operator [b, la] admits a unique bounded extension from 
L p (^) to L q (^f) with norm at most a constant multiple of 
(%%) If be L x ( 7 ) and [b,lg] is bounded from £P( 7 ) nL™(j) to L«( 7 ), t/ien 6 G BMO(7) 
and 

HfrllHMOW < l|6|Ui( 7 ) + C || [6, Jf] ■ 
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The proof of Theorem 1.1 is given in Section 4. Observe that there exists a positive 
constant C such that for all iGl™, 

\[bJP](f)(x)\<C\^](f)(x). 

Thus, Theorem 1.1 actually implies that the boundedness of either [b, la] or [b,Ia] char- 
acterizes b G BMO(7). Moreover, for a G (0, oo) and (3 G (0,1), if we define the dual 
operator (la )* of la by setting, for all functions / G ££°(7) and x G M n , 

= / ry/^Lfl *r(y), 

JB(y,am(y)) [^(y^)J 1 ^ 

and define the dual operator (i£)* of if by setting, for all functions / G ££°(7) and 
x G M n , 

then Theorem 1.1 and all results in Section 3 related to if and if are also true for (if)* 
and (la)*; we omit the details by similarity. 

For any given a G (0, oo) and (3 G (0, 1), we define the local fractional maximal operator 
Ma by setting, for all locally integrable functions / and all x G M. n , 

(1-5) M%(f)(x)= sup - 1 [ \f(y)\dj(y). 

BeBa(x) n(£i)\ 1 Jb 

The boundedness results for Ma are presented in Corollary 3.1 below. 

If b G BMO(7), then the commutator [6, .Ma], generated by b and the local fractional 
maximal operator Ma, is defined by setting, for all functions / G L£° (7), 

(1-6) [b,M^](f) = bM^f)-M^bf). 

Correspondingly, we define [b, Ma] by setting, for all functions / G L^(^) and all x G M. n , 

[b,Mi](f)(x)= sup [ Hx)-b(y)\\f(y)\d 1 (y). 

BeB a (x) ri( B )] 1 Jb 

Applying Theorem 1.1, we also obtain the following characterization of the space 
BMO(7). 

Theorem 1.2 Let a G (0, oo), (3 G (0, 1), 1 < p < q < 00 and l/q = l/p- (3. Then there 
exists a positive constant C , depending on a, p and q, such that the following hold, 
(i) If be BMO(7), then for all f G Lf(-f), 

<C||6|N|/|| LP{7) . 

L«( 7 ) 

Moreover, the sublinear operator [b, Ma] admits a unique bounded extension from 
LP(~f) to L q ( / y) with norm at most a constant multiple of 



[b,MZ](f) 
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(%%) Ifb G L x ( 7 ) and [b,M%] is bounded from D> '(7) n Lf (7) to L«( 7 ) ; t/iera 6 € BMO( 7 ) 
and 

||6||BMO( 7 ) < ll%i( 7 )+C fr^l 

L p( 7 )^L<?( 7 ) 

For any given function / and all x G R n , we set = max{/(x),0} and / (x) = 

— min{0, f(x)}. Motivated by [2], we obtain the following result. 

Theorem 1.3 Let a G (0, 00), (3 G (0, 1), 1 < p < q < 00 and 1/q = 1/p — (3. Then there 
exists a positive constant C , depending on a, p and q, such that the following hold, 
(i) If be BMO( 7 ) and b~ G L°°( 7 ), then for all f G £~( 7 ), 

\\[b,MP}(f)\\ Lq{j) <C(\\b\U + ||6-|| L =o (7) ) ||/|| LP(7) . 

(%%) Ifb G L x ( 7 ) and [b,M%] is bounded from L p ( 7 )nL^( 7 ) to L«( 7 ), i/ien 6 G BMO (7), 
b- G L°°(7) and 

II o IIbmo( 7 ) + II& - IIl°°( 7 ) ^ II^IIl 1 ^) + c||[^)- A ^f]|lLP( 7 )->L'3( 7 ), 

where 

||[6,Mf]|| LP(7HL , (T) = sup{||[6,Xf](/)|| L9(7) : / G L c °°( 7 ), ||/|| LP{7) = 1}. 

We point out that in Theorem 1.3 (i), since the operator [6, .Ma] as in (1.6) is not even 
sublinear, we can not naturally extend the domain of [b, Aia] to the whole L p (j). 

Finally, we make the following conventions on notation. Let N = {1, 2, ■ ■ ■ }. Define 
p' to be the conjugate value of p, namely, 1/p + 1/p' = 1 for p G [1, 00]. Denote by \E 
the characterize function of any set E C W 1 . We also denote by C a positive constant 
independent of main parameters involved, which may vary at different occurrences. Con- 
stants with subscripts do not change through the whole paper. We use / < g to denote 
/ < Cg. If / < g < /, we then write / ~ g. For any given "normed" spaces X and y, 
an operator T is said to be bounded from X to y means that there exists a nonnegative 
constant C such that for all / G X and T(f) G y, \\T(f)\\y < C|j/|j^; moreover, we 
denote by ||T||^_>y the operator norm of T. For any b G L\ QC (7) and any ball BcR™, 
set 6 B = J B b(y)dj(y). 

2 Preliminaries 

Some geometry properties concerned with the Gauss measure are used throughout 
the whole paper. An important one, among others, is that the Gauss measure is indeed 
doubling on all balls in B a . Precisely, for all r, a G (0, 00) and B G B a , denote by B* 
the union of all balls B' that intersect B such that r^> < ttb- It was proved in [16, 
Proposition 2.1] that 

(2.1) <r* = sup ^gl < (2r + l)-e 4 ^ +1 )+ a2 , 

BgBa 7(#) 
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which is deduced from the property that for all B G B a and x G B, 

(2.2) e -2a-a 2 < e |c s | 2 -M 2 < g 2a 

Moreover, it follows from (2.2) that for all B G B a , 

(2.3) 7 (£) ~e _|cs|2 |.B| 

with constant depending only on a and n, where \B\ denotes the Lebesgue measure of B. 

Recall that it was proved in [16, (3.4)] that for all y G B and B G B\, m{y) < 2m(cg). 
An argument similar to that also yields that for all B G B a and y £ B, 

(2.4) (a + l) _1 m(y) < m(c B ) < (a + l)m(y); 

see also [14]. Using (2.4) and following a procedure similar to that in [7, Lemma 2.4], we 
obtain the following geometry covering lemma. Here we omit the details. 

Lemma 2.1 Let k = ^ and {B(xj,Km(xj)/4)}j e ^ be a maximal family of disjoint balls 
contained in W 1 . Set Bj = B(xj, nm(xj)). Then W 1 = L)j e ^Bj. Moreover, for any given 
t G (0, oo), there exists a positive constant N depending only on n and r such that for all 
xeR n ,J2 jmX(TBj) (x)<N. 

For any given a G (0, oo) and locally integrable function /, Mauceri and Meda [16, 
p. 286] introduced the noncentered local Hardy-Littlewood maximal function M a f by 
setting, for all x G 

(2-5) M a f(x)= sup -L - f |/(y)|d 7 (y), 

and they also introduced the local sharp maximal function f* of / by setting, for all 

x G R T \ 

(2-6) /»(*)= sup -L- f \f{y)-f B \d 1 {y). 

For any fixed a G (0, oo), it is known that M a is bounded on L p {~f) when p G (1, oo] and 
from L l {^) to L 1,00 (7); see [16, Theorem 3.1]. When p G [1, oo), it is also proved in [16, 
Theorem 3.5] that there exists a positive constant C such that for all / G L p (~f), 

(2.7) imb(7)< c { 

For any a G (0, oo), p G [1, oo) and locally integrable function /, if we set 

imi? a ' p = sup f \f( X )-f B \Pd 7 (x)\ 1/P , 
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then by [16, Proposition 2.4] and [16, Section 4], it is easy to see that there exists a positive 
constant C, depending on a, n and p, but not on /, such that 

(2-8) C~Vll*< 11/11^ <^ll/ll*- 

Finally, we conclude this section by recalling the BLO-type spaces in [14]. Let a G 
(0,oo). The space BLO a (7) is defined to be the set of all locally integrable functions / 
satisfying 



(2-9) ll/H BL0 (7) = ll/IUi(7) + SU P f^m / /(f) " eSS ig f 



< oo. 



For any fixed a G (0, oo), it was proved in [14] that BLO a (7) C BMO (7) and there exists 
a positive constant C depending only on a and n such that for all / G BLO a (7), 

(2.10) II/IIbmo (7 ) <C||/||blo ( 7 ), 

and that the inclusion BLO a (7) C BMO (7) is proper. 

3 Local fractional integral and maximal operators 

In this section, we establish the boundedness of la, la and Ma on various spaces. For 
the Euclidean case of Theorem 3.1 and a variant of Theorem 3.1 on general metric measure 
spaces, we refer the reader to [11, Theorem 1] and [10, Theorem 5.3], respectively. 

Theorem 3.1 Let a G (0, 00), (3 G (0, 1), 1 < p < q < 00 and 1/q = l/p — (3. Then both 
f a and l£ are bounded from L p ( 7 ) to L q (j) and from L 1 ^) to L 1 ^ 1 '^' °°( 7 ). 

Proof. Observing that Ia(\f\) ~ Ia(\f\), we only need to prove the boundedness results 
for the operator l£ . To this end, fix r G (0, a). For any x G M. n , we write 

i'f(/)(*)i< / Ji { !ll-p d ^y) + / ■•• = z 1 + z 2 . 

J \x— y\<rm(x) [' y^iV)\ J rm(x)<\x—y\<am(x) 



By (2.2) and (2.3), we obtain 



\f(y)\ 



Zl ~ ^ J2-j-irm(x)<\x-y\<2-jrm(x) [l{B(x, 2-j- 1 rm(x)))] 1 -P ^ ' ^ 



1 f 

< < 2 ^[7(B(^2^-Vm(,)))]^— -— ^ / \f(y)\d 7 (y) 
f^ Q l(B{x,2 3rm(x))) J B {x,2-o rm {x)) 

<e-M 2 P[rm(x)f n M a (f)(x). 

By Holder's inequality, we have 

Y > w 

rm{x)<\x-y\<am(x) V [l( B ( x , \x - y|))] ] 



Z 2 < ||/|| LP(7 ) {I ( U , R ^ — ^nqs ) d ^v) 
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< II/IIlp (7 ) 



r Lio S2 (f )j 



i/p' 



i 



[ 7 (B(a;,2?rm(x)))]? , '( 1 -/ 3 ) 



j=0 ■'2J'rm(x)<|x— {/|<2J+ 1 rm(x) 

where [a\ for any a G K denotes the maximal integer no more than a. Notice that 
B(x,2i +1 rm(x)) G B 2a for all < j < Llog 2 (^)J . By this, (2.2), (2.3) and 1/q = 1/p - (5, 
we further obtain 

r Lio S2 (f)j ^ 1/p ' 

j=0 



Zo < 



< 

Notice that 



lp ( 7 ) 

LP ( 7 ) 



rm(x)] 



n(/3-l/p)-\xf(i3-l/p) 



e -\^[rm(x)]^M a (f)(x) < \\f\\ LP{j) [rm(x 



M(3-l/p) e -\x\ 2 ((3-l/p) 



if and only if 
(3.1) 



r < 



LP( 7 )6 



\x\y P - 



p/n 



m(x) \ M a {f){x) 



Denote by A\ the set x G W 1 such that the right-hand side of (3.1) is smaller than a. Set 
A 2 = W l \Ai. If x G Ai, we take r equals to the right-hand side of (3.1), and then obtain 

(3-2) ^(fWlZm^lMaifXx)} 1 -^. 

If x G A 2 , we then take r = a/2. In this case, \\f\\ L v( 1 )e^ ,p > [am(x)] n / p M a (f)(x) for 
all x G A 2 . This combined with the estimates of Zi and Z2 yields that for all x G A2, 

(3.3) ^(^(^i^ii/iig^i^a)^)] 1 -*. 

Then by (3.2), (3.3), q(l — pf3) = p and the boundedness of M. a on L p (7), we obtain 



lltf(/)IIL (7 ) £ 



LP (7) 



/ [M,(/)(aO] ,(1_/%0 d 7 (x) = \\M a \f L 



Lf( 7 )^LP( 7 )l^ 1 1 LP (7)' 



which implies that la is bounded from LP(j) to L q (j). 

Again using (3.2), (3.3) and the weak (1, 1) property of M. a , we obtain that there exists 
a positive constant C such that for all A > 0, 



7 ({x G R n : |/f (/)(x)| > A}) = 7 ({x G R» : C||/||J 1(7) [.M a (/)(x)] 1 ~' 3 > a}) 

II M II H/ll^(7) V 

ll-Ma||Li( 7 HLl>°°(7) ^ ^ J 



< 



1/(1-/3) 



which implies that if is bounded from L 1 ^) to L 1 ^ 1 /3 )'°°( 7 ). This finishes the proof of 
Theorem 3.1. 
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Applying Theorem 3.1, we easily deduce the following conclusion. 

Corollary 3.1 Let a <G (0, oo), f3 G (0, 1), 1 < p < q < oo and 1/q = l/p - (3. Then 
(i) Ml is bounded from L p ( 7 ) to L«( 7 ) and from L x ( 7 ) to L 1 /( 1 ~^). °°( 7 ); 
(m,) Ma is bounded from L 1 / /3 ( 7 ) to L°°( 7 ). 

Proof. For all x € M n and B € £ a (x), by (2.4), we obtain B C B(x, 2a(a + l)m(x)). By 
this, (2.2) and (2.3), we further obtain 

sup _ 1 / |/(y)|d 7 (2/) 
~ sup / T~ \xP\ wm^3 dl\V) 

JB(x,2a{a+l)m(x)) i v \ x ->y)\ 

which together with Theorem 3.1 implies (i). Property (ii) follows from Holder's inequality. 
This finishes the proof of Corollary 3.1. 

Applying Theorem 3.1, we now consider the end-point boundedness of if. 

Theorem 3.2 Let a € (0, oo), (3 G (0, 1), 1 < p < q < oo and l/q= l/p - (3. Then 

(i) both La and La are bounded from H 1 ^) to L 1 ^ 1- ^^); 

(ii) both L^ and 7f are bounded from {/ G L 1 / /3 ( 7 ) : / > 0} to BLO a ( 7 ); 
( Hi ) both La and La are bounded from L 1///3 ( 7 ) to BMO (7). 

Proof. We only prove the results of this theorem for the operator if, since the proof for 
La is similar but simpler. 

To prove (i), first assume that g is a (1, 2/(1 + /?)) atom supported on B G B\ and show 
that || if (5) || li/(i-/9) ( 7 ) < 1- To this end, we write 



(3.4)/ \I*[jj){x)\W-n drylp) = f |if (g)^ 1 '® d 7 (x) + f 
ii" J2B J(: 



••• =Yx + Y 2 , 

(2B) C 



where and in what follows, E^ = R n \E for any set E cR n . 

By Holder's inequality and (2.1) together with the fact La is bounded from L 2 /( 1+/3 )( 7 ) 
to L 2 /( 1_/3 )( 7 ) (see Theorem 3.1), we obtain 



Yi < 



\L^(g)(x)\ 2 /^ d 7 (x) 

2B 



1/2 

[7(2 J B)] 1/2 



L2/(l+/3)( 7 )- > L2/(l-/3)( 7 ) 



■ , -1(1+^/(2-2/3) 
/ | 5 (x)| 2 /( 1+ ^d 7 W [7(^)] 1/2 < 1. 
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Now we estimate Y2. For any x ^ 2B satisfying l£(g)(x) / 0, by (1.3) and supp g C B, 
there exists togBfl B(x, am(x)), which combined with (2.4) and B G B\ yields 



(3.5) 



(2a + 2y 1 m(x) < m(c B ) < (2a + 2)m(x). 



For such an x, by (3.5) and the triangular inequality together with r B < 111(03), we obtain 
B C B(x, (5a + 4)m(x)) and x G B(c B , a*m(c B )) with a* = 2a(a + 1) + 1. Thus, 



(3.6) 



JB{c B ,a* 



(c B ,a*m(c B ))n(2B) c 



\P a {g){x)\ 1 '^ d 7 (x 



For all x G B(c B , a*m(c B )) D (2B) G satisfying l£(g)(x) / 0, by the facts J B g(x) dj(x) = 
and B C B(x, (5a + 4)m(x)), we write 



\l£(9){*)\ 



< 



g{v) 



1 



1 



+ 



g(y) 



dq(y) 



O d 7(y) 



/s(x,(5o+4)m(x))\B(x,am(x)) \^{ X -,V)] 1 & 

Since x G B(c B ,a*m(c B )), then by (2.2), 

(3.7) e-l cs l 2 ~ e-^l 2 . 

This combined with (3.5) yields 



= Ii + I 2 . 



I 2 < 



[7(5(0;, am(x)))] 



1-/3 



< f e -l cs l 2 |m 



(cbT)' 



To estimate Ii, notice that for any i G {1, • • • , re}, a direct calculation yields that the 
i-th partial derivative of V(x,y), 



(3.8) 



dV(x,y) _ n/2 Xi-yi 

= 7T ' 



dyi 



\x-y 



2-n 



\x-y\H>+x\* 



where and in what follows, S" 1 ^ 1 = {x G W 1 : \x\ = 1} and da denotes the Lebesgue 
measure on the unite sphere S 11 ^ 1 . 

Applying (3.8) and the mean value theorem, we have 



J = 



< 



[V{x,y)Y-P [V{x,c B )Y-P 

(I - P)K- n/2 \y - c B \ 
[V{x,y)Y-P[V{x,c B )Y-f> eeioa) 

z=6y+(l-6)c B 



sup [V(x, z)] P\x — z 



in-1 



\x- z \e+x\ 2 



da(0- 



For any x £ 2B, y G B C B(x, (5a + 4)m(x)) and z = Oy + (1 - 9)c B with 9 G (0, 1), by 
(2.3), we have \x — y\ ~ \x — c B \ ~ \x — z\ and 



(3.9) 



V(x, z) ~ V(x, y) ~ F(x, cb) ~ e ' Cs ' |x — c B \ 
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Moreover, by (3.5), the facts that \cb\iti(cb) < 1 and that w G B n B(x,am(x)), we have 

(3.10) \x\\x — z\ < (\x — w\ + \w — cb\ + |c_b|)(|x — w\ + \w — cb\ + \cb — z\) 
< (am(x) +r B + \cB\){am(x) + 2r B ) < 1- 

Combining (3.7), (3.9) and (3.10) yields 

< \y — cb\\x — cbI* 1 ^ 1 e~\ x \ 2 jy — CB|el c - B l 2 ( 1 ~ /3 ) 

~ [ e -|c S | 2 | x _ CB |n]2-/3 ~ | x _ CB |n(l-/3)+l ' 

By the estimate of J, Holder's inequality, (2.2) and (2.3), we obtain 

,|c S | 2 (l-/3) 



\x 


- c B \ ni ~ l 






e \c B ?{l- 


p) 


\x 


- c B \ n ^ 


-/3)+l 




e ks| 2 (l- 


13) 


\x 


-c B \ n ^ 





/ \y-c B \\g(y)\dj{y) 
Jb 



~ | X _ CB |n(i-^ )+ i llgllL 2 /(^>( 7) [J b \y - c b\ w d7(y)j 



,|c B | 2 (l-/3) 



jx _ CjJ |n(l-/J)+l- 



Inserting the estimates of Ii and I2 into (3.6) yields 



/ 

JB(c B ,a* 



Y 2 < 

' 3(c B ,a*m(c B ))n(2B) G 



<*7W < 1. 



The estimates of Yi and Y2 together with (3.4) imply (ff)||ii/(i-/3)( 7 ) < 1- 
If 5 is the constant function 1, then by (2.2) and (2.3), we have 

l J « (<?)(*)! ~ I r-upi 1 mn-B *rto ~ fs^-^dr < 1, 

JB(x,am(x)) [e m \X - y\ n \ L ? J 

which together with 7(IR ra ) = 1 further implies that \\Ia {9)\\li/(i-p)m ^ 1- Therefore, /a 
maps all (1,2/(1 + /?)) atoms into uniformly bounded elements of L 1 ^ 1 ^^^). 

For any / <E H l (j), we can write / = Yl'jLi ^j a ji where {a,j}jL 1 are (1, 2/(l+/3)) atoms 
an d Sjli I'M ~ 1 1 /I l-ff 1 (7)- By the facts H l {^) C L 1 ^) and the boundedness of if from 
L x ( 7 ) to L 1 /( 1 - /3 )'°°( 7 ), we obtain that if(/) is a well-defined LVCi-/*). 00 (7) function. 
Moreover, for almost all iGl™, 

00 

(3.11) #(/)(*) = X>#(a;)(aO; 

i=i 

see, for example, the proof of (6.7.9) in [8, p. 95]. Then taking L 1 ^ 1 ^^ (7) norms on both 
sides of (3.11) yields that la is bounded from -£^(7) to L 1 ^ 1- ^)^). Hence, (i) holds. 
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Now we show (ii). For all / G L 1//3 (j), by (2.2) through (2.4) together with Holder's 
inequality, we obtain 



(3.12) ||/f(/)|| Ll 



(7) 



f(y) 



< 



< 



Ir" Ib( x, am(x)) 

! If 

JM. n J\x-v\<a(a 



dj(y) d-y(x] 



y\<a{a+l)m(y) [e ^ \x - y | n ] 1 I 3 



dx 



\f(y)\dj(y) 



I/IIlht) ~ II/IIlv/s^)- 



Thus, to finish the proof of (ii), by (3.12) and (2.9), it suffices to show that there exists a 
positive constant C such that for all / > and B G B a , 



(3.13) 



1 



_ [D) /fi /f(/)(y)d7(y) < C||/|| L V%) + essmf /£(/)(*). 



To see (3.13), we decompose / into / = fx3B + fx^Bf- Choose p G (1,1/(3) and 
1/q = 1/p — (3. Using Holder's inequality and (2.1) together with Theorem 3.1, we obtain 



1(B) 



I%(fX3B)(y)dj(y) < 



1 



l(B) 



1/5 



|/£(/XsB)(v)| ff d7(v) 

< II h(B)]- 1/9 \\fX3B\\ LP ( 7 ) 

<[<3] 1/9 |I^IU,(7)^(7)II/IIlV/3 (7) . 



By this and the linearity of la, we know that to obtain (3.13), it is enough to show that 
for all y G B and x G B, 



(3.14) 



^(/X(3B)0)(y) < C|l/llLV*( 7 ) + /£(/)(*). 



If la (f)(x) = oo, then (3.14) holds trivially. Assume now that Ia(f)(x) < oo. Notice that 
/ > 0, and hence if (/)(a?) is finite. Thus, 



^(/x (SB )c)(y) --rf (/)(*) 



f( z )X( 3B )z( z ) 



dj(z) = Y. 



'B(j/, am(y)) 

[V(y,z)]i-P Iy 1 

If B G 23 a , x e B and y € B, then by (2.4), we obtain that for all z G B(y, am(y)), 

\z — x\ < \z — y\ + \y — x\ < am(y) + 2r# < a(a + l)m(ce) + 2am(c^) < am(i), 
where a = a(a + l)(a + 3). Thus, B(y,am(y)) C B(x,am(x)). It follows that 

/(*)Xf3BV(*) , , , /" f( z )X(3Bf( Z ) 



Y < 



\v(v 



i(x)) [^(«.«)] 



1-/3 



cfy(z) 
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B(x, am(x)) 



f{ z )X^Bf( z ) 



+ 



[V{y,z)\ 

f(z)X(3B)c( Z ) 
lB(x,am(x))\B(x, am{x)) [ V ( x , ^)] 1_/3 

Using Holder's inequality and (2.1) yields 

j.< 



1-/3 



dj(z) 



drf{z) 



Ji + J 2 - 



f{z)d 1 {z) 



< 



LV/3( 7 )- 



[l{B{x,am{x)))\ 1 13 J B (x,am(x)) 

Now we estimate Ji. Notice that for all « G {1, ■ • ■ , n}, a simple calculation yields 

-\\y-z\H'+z\ 2 



OV(y, z) _ n/2 Vi - Zi 

= 7T ' 



dyi 



\y - Z\ 2 71 Jgn-l 



da(?) 



-2tt" 



-n/2 /* 

"'l^-yKly- 



(6 - ^K^ 2 de- 



This together with an argument similar to the estimates of J and Ii implies that 



^ r B 



(1 - p)f(z)x {3B) c{z)\y - x\ 

B(xram(x)) [V ( V , z)] ~? [V(x, z)\ ~? 

f( z )X( 3B )c( z ) 



sup 

»e(o,i) 

w=6x+(l-e)y 



\ x \ 2 \x- z\ n ] 2 -P fle(o.i) 



+ 



B(i, om(i)) [6 



sup 

e(o,r 

w=0x + (l-8)y 



w — z 



[V(w,z)]-" 
'/ 



dV(w,z) 



dwi 

■\\w-z\{,'+z\ 2 



dj(z) 
do{i>) 



\£,—w\<\w—z\ 



% r B 



I 

J B(x,a 



f( z )X { 3B)t( z ) 



(i,om(i)) ^ \-E 



\ z \ 2 \ x — zl 11 ^ 1 



z \n]2-/3 



dj(z) 



< 



L 1 // 3 ( 7 )' 



where in the penultimate inequality, we used the fact that \w — z\ ~ \x — z\ < a and (2.2) 
together with |£ — z\ < m(z). Combining the estimates of Ji and J 2 yields the desired 
estimate of Y, and hence (3.14). Thus, (ii) holds. 

Finally we prove (hi). For any / G L 1 ^^), we decompose / = / + — / _ , where 
/ + = max{/, 0} and / _ = min{/, 0}. From (2.10) and (ii) of this theorem, it follows that 

II^(/)IIbmo (7 ) < II^(/ + )IIbmo( 7 ) + II^(/-)II BMO(7) 

< (/ + )llBLO a (7) + ll^(/-)llBL0 ( 7 ) < 11/11^(7)- 

Thus (hi) holds, which completes the proof of Theorem 3.2. 



4 Proofs of Theorems 1.1 through 1.3 

In this section, by applying Theorem 3.1 and the geometry properties listed in Section 
2 together with some ideas used in the Euclidean case (see, for example, [12, 3, 15, 8]), we 
prove Theorems 1.1 and 1.2. 
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We begin with two technical lemmas. For any a G (0, oo), (3 G (0, 1) and b G BMO(7), 
define the following auxiliary operator Ta(b; •) by setting, for all locally integrable functions 
/ and x G R n , 

<«) !?<*/)<*)=/ 

JB{x,am(x)) [e M \X - y\ n ]^ 

Correspondingly, we introduce another auxiliary operator T„ (&;•), which is in fact a 
smooth version of T<f (6; •). Precisely, let <f> be a radial function in C£°(M) such that 
< 4> < 1, 0(t) = 1 when \t\ < 1, </>(£) = when \t\ > 2; moreover, there exists a positive 
constant C such that |0'(i)| < C/\t\ for all t G R. For any x, y £ R™, we set 



— 



|x - y| 



a(a + l)m(y) 



Define 

By (2.4) and the support condition of 4>, it is not difficult to see that for all locally 
integrable functions / and x G R™, 

(4-3) Tg{b;f){x) < T^bff)(x) < 1^(6; /)(*), 

where C a = 2a(a + l)(2a 2 + 2a + 1). It follows from (2.2) that for all x G R™, 

(4-4) \[bj?](f)(x)\ < [6^ (/)(*) /)(*). 

The following lemma is used in the proof of Theorem 1.1 due to the extra term || ■ ||x,i( 7 ) 
appearing in (2.7), comparing to the classical case of Euclidean spaces (see, for example, 
[21, p. 148]). 

Lemma 4.1 Let a G (0,oo), (3 G (0, 1), p G (1, 1/(3) and b G BMO(7). Then both if (6; •) 
and [6, 1%] are bounded from L p (j) to L (7) mi/i norm at most a constant multiple of ||b||*. 

Proof. By (4.4), we only need to consider T<f (6; •). To this end, let be the 

sequence of balls as in Lemma 2.1. If x G Bj, then by (2.4), we obtain that for all 
y G B(x,am(x)), \y — Xj\ < (2a + l)m(xj). Thus, we have B(x,am(x)) C \(2a + l)Bj, 
where k = is as in Lemma 2.1. Set a = ^(2a + 1). Then for any z G aBj, again using 
(2.4), we obtain \z — x\ < 4(a + l)m(x), and hence aBj C B(x, 4(a + l)m(x)). From these 
facts together with R n C Uj^Bj, it follows that 

P?(6;/)|| 11(1) <W / M^WW 

t^JBj JB(x,am(x)) [V{X,y)\ lp 
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\b(x)-b(y)\\f(y)\ 



^ ' IbJoB, lV(x,yW-P 



dl{y) d-y{x) 



< 



jefi B i 

+ E / J f(a+1) (l & " h Bj | 1/IXaB,) (X) d 7 (x) = I + J. 



Choose g G (0, oo) satisfying that 1/g = 1/p — (3. Applying Holder's inequality for 
integrals and series, Lemma 2.1, Theorem 3.1, (2.1), (2.8) and the fact 7(M ra ) = 1, we 
obtain 



x) - bzB.l 9 dj(x) 



me/ i^)-^r'^) 



1/9' 



1/9 



l< a+1) (l/l)WI^ 7 (x) 



4 + d (i/i) 



L«( 7 ) 



< 1161 



* H/llLP( 7 )- 



Now we estimate J. Choose s € (l,p) and r € (1,<?) such that 1/r = 1/s — /?. Then by 
Holder's inequality and Theorem 3.1, 

\ 1/r 



j < Ew^)] 1A ' 



J 4(a+i) (I 6 ~ bsBj I I/IxsbJ 0*0 <M:z) 



< E[7(^')] 1/r ' j / " b~ a B,\\f(x)\} S d 7 (x) 



1/s 



Using Holder's inequality again yields that the last quantity above is bounded by 
( ~\ i/ s ~ i/p ( 

ElT(^)] 1/r ' / - ^/ S/(P - S) d 7 (x) / \f(xWd 7 ( 



1/p 



Then by (2.1), Holder's inequality for series, (2.8), Lemma 2.1 and 7 (M n ) = 1, we finally 
obtain 



1/p 



< 



if ( 7 ) < 



1/p' 

> < \\b\\ 



* \\J\\LP(j), 



E[7(^)] p,(1/r ' +1/ ^ 1/p) 

where in the last step we use p'(l/r' + 1/s — 1/p) = 1 + p'f3 and ^2j eN [j(Bj)} 1+p ' 13 < 1. 

Combining the estimates of I and II yields the desired result for Ta(b; •), which completes 
the proof of Lemma 4.1. 



16 



Liguang Liu and Dachun Yang 



For the Euclidean version of the following Lemma 4.2, see [12, Lemma 11] or [23, p. 418]. 

Lemma 4.2 Let a G (0, oo), (3 G (0, 1), 1 < p < q < oo and 1/q = l/p — (3. Let 

b G BMO( 7 ) and Tf(b;f) be as in (4.2). Then for any fixed r, s G (l,p), there exists a 
positive constant C such that for all f G L^°(^) and x G W 1 , 



(4.5) (z£(&;/)J (x)<C||6||J[^i([jg a (|/|)] 



l/r 



+ 



V* 



where C a is a sufficiently large positive constant depending only on (Xj ( Ta 

(b;f) is as 

in (2.6) with f replaced by Ta(b; f), M.\ is as in (2.5) with a = 1 and A4^f is as in (1.5) 
mi/i /? and a i/iere replaced, respectively, by (5s and C a . 

Proof. Fix x G W 1 . To show (4.5), for any fixed ball B' G B\(x) and any y G we 
write 



Tg(b;f)(y)<\b(y)-b B ,\ [ 



(f>y,z\f(z)\ 



[e \ z \ 2 \y — z 



+ 



J 



4>y,z\ b B' ~ b(z)\\f(z)\x3B>{z) 

[e-\ z \ 2 \y - z\ n ] l -P 
<t>y,z\b B ' -Kz)\\f( z )\X(3B>)t( z ) 



d-y(z) 



= jf{y) + Ji\y) + jf{y). 

For all z G W 1 satisfying <j> y ^ / 0, i. e, \z - y\ < 2a(a + l)m(z), by (2.2) and (2.3), we 
have, 



(4.6) 



\z — y 



■ n „—\vv 



This and the support condition of (f> yjZ together with Holder's inequality and (2.8) imply 
that 



(4.7) 



1 



B' 



Ji B '(y)di(y)<\\b\u[M 1 ([Lg a (\f\)] r ) (x) 



l/r 



for some positive constant C a which depends only on a. 

Choose 5 > 1 and k > 1 such that 5k = s. Since 1 < k < p < 1/(3, there exists u > k 
such that 1/u = 1/k — (3. By (4.6), Theorem 3.1, Holder's inequality and 5k = s, we 
obtain that for sufficiently large positive number C a , 



l(B') 



J2 B '(y)di(y) 



< 



1 



\Lg a (\b B/ -b\\f\ X3 B')(y)\ u d 7 (y) 



l/u 



dj(y) 



!/(«*') 



J3B' 



1/s 
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Notice that the triangular inequality of || • || iK 5'( T ) and (2.1) imply 

< \\b\\f at, 

This combined with (2.8) and (2.1) yields 



sll* 1 - 



(4.8) 



l/s 



Let y G B' and z ^ 3B' satisfying that 



<t>v,z 



7^ 0. Then we use 



(2.4) to obtain that \z — y\ < C a m(y) for some large enough positive constant C a that 
depends only on a. From this, the mean value theorem, the definition of (f> and the fact 
that \z — y\ ~ \z — cb' \ for all y € B' and z £ 3B', we easily deduce that 



J y,z 



< \y - cb'\ , , 



| y _ z |n(l-/3)+l- 



| y _ z |n(l-/3) | CB , _ z |n(l-/3) 

which combined with Holder's inequality further implies that for all y € B', 

rB'/.A ~B'/ M <r /" ~ b (*)ll/(*)lb - C B ' 



1^3 (y) " # 



V M\ < f 

J(3B' 



(3B>)CnB(y,C a m(y)) eH*! 2 ^) |z - C ^| 1+ri ~" /3 



d7(z) 



< 



[ J(3B' 



|6 B ' - &(*) 



l/s' 



) c nB(j/,C m(2/)) e" 



x < r B ' 



I x J. 



1-2 — Cfi' | 1+n 



(3B') b nB(2/,C m(y)) 



e -\z\ 2 {l-Ps)\ z _ CB ,\l+n-nf3s 



dj(z) 



For all z € B(y,C a m(y)), by (2.2) and y € we have e~^ 2 ~ e^l 2 ~ e^s'l 2 . Thus, 

i/ s ' 



2-^ 



7(2-?' J B') / |*-i/|<C m(i/) 

2Jr B ,<| Z - Cs ,|<2J + 1 r B , 



|6 B ,-6(z)| s d 7 (*) 



Notice that for j G N satisfying 2 J rB' < |z — c^'| and \z — y\ < C a m(y), we have 

2 j r B > < \z - cb'\ < \z - y\ + \y - c B >\ < C a m(y) + r B > < [C a (a + 1) + a]m(c B >), 

and hence, 2^ +1 B' € Bc a (a+i)+a- F° r simplicity, we set a* = C a (a + 1) + a. This, together 
with Minkowski's inequality, (2.1) and (2.8), implies that 

I < Yl 2 ~ j/S ' ( \ bB ' ~ b2B ' I + ■ • • + l&2iB' - &2i+i B' 

{jGN:2Jr s ,<a*m(c s ,)} 
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< f; 2-^^||6||?-. 1 + \\b\\f^A <\\b\u 

j=l ^ / 



1/s' 



Similarly to the estimate of I, we have 
2~i 



l/s 



L ' V n 2ir B ,<\z-c Bl \<V+ 1 r B , 



< 



E 



[ 7 (2JB- 



{jSN: 2Jr B ,<a*m(c s ,)} 

Combining the estimates of I and J yields 
1 ^ 1 tB'(„.\ stB' 



(4.9) 



< 



M? s A\f\ s ){x) 



l/s 



l(B') J B > 

Applying (4.7), (4.8) and (4.9), we obtain (4.5), which completes the proof of Lemma 4.2. 

Proof of Theorem 1.1 To show (i), we let b € BM0(7). For any given N € N, set 
6yv = ~NX{b<~N} + b X{\b\<N} + Nx{b>N}- Then ||6jv||* < 4||6||*; see [6, pp. 631-632]. Let 
C a and C a be respectively as in (4.3) and Lemma 4.2. For all / <G L£° (7), combining (4.1), 
(4.3), (2.2) and Theorem 3.1 yields 



< 



L9( 7 ) 



T P 5 {b N -f) 



< N 



I P 5 (\f\) Tq( < ^ll/l|L,(7) < 00. 



This allows us to use (2.7). Thus, by (2.7), Lemma 4.2 together with the fact 1 < r, s < p, 
the L g / r (7)-boundedness of M\, Theorem 3.1, Corollary 3.1 and Lemma 4.1, we obtain 



Ti(b N ;f) 



L9( 7 ) 



< 



< 



L«( 7 ) 
tt 



< 



Tg(b N ;f) 

Mi{[f Ca {\f\)\ 



+ 


T?(b N ;f) 




L«(7) 




£1(7) 



1/r 



+ 



[Mt(\f\ s )\ 1,s 



i«(7) 



+ II/IIlp( 7 ) 



Lp( 7 )- 



The dominated convergence theorem gives that 6 at — > 6 in L p (~j) of every compact set and, 
in particular, in L p (dj, supp(/)). Hence, 6jv|/| — >• b|/| in L p (~f). From Theorem 3.1, it 
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follows easily that both 



(4.10) 

and 
(4.11) 



b N (y)\f(y)\ 

(*)) fe-|yl 2 |x - yM 1 -? 

b N (x)>b N (y) t 



c?7(y) 



%)l/(y)l 



<(i,«m(")) fe — l y l 2 Ix — ul n l^ 

6(*)>6(y) L 1 al J 



c?7(y) 



b(>,«>»W) fe~l^ 2 Ix - 7/| n l 1_/3 



di{y) 



%)l/(y)l 



B(x,am(a0) [ e ~ \y\ 2 \ X - V M ^l 3 
b(x)<b(y) L 1 al J 



di{y) 



as A?" — > oo in L q (^). The same is true for (4.10) and (4.11) without 6jy and b appearing 
in the integrand functions. These observations together with the Riesz lemma and (4.1) 
imply that there exists a subsequence {Nk}'%L 1 C N such that Ta(pN k ;f) — > Ta(b;f) as 
k — > oo almost everywhere. Letting — > oo and using Fatou's lemma together with (4.4), 
we obtain that for all / € L£°(7), 



< 



L«( 7 ) 



< lim 

L«(7) fe— >oo 



rf(6jv t ;/) 



L«( 7 ) 



< 1161 



LP( 7 )- 



Applying the density of L£°(7) in the classical Lebesgue space L p (M n ) and the fact that 
j(E) < \E\ for all set E C W 1 , one can deduce that Lf(^) is dense in L p (j). Moreover, 
for any f,g£ L£°(7), it is easy to deduce that 



[Mf] (/ + </) 



< 



+ 



and 



[bX](f)-[bX]{9) 



< 



[bX](f-g) 



These combined with a standard density argument imply that [b, Ig] admits a unique 
bounded extension from L p {~f) to L q {^f). 

Now we show (ii) by borrowing some ideas from [12]. Since |z| n ( 1_/3 ) is infinitely 
differentiable in any open set away from 0, we choose zq € W 1 \ {0} and 5 > small 
enough such that the function |z| n ( 1- ' 3 ) can be expressed as an absolutely convergent 
Fourier series in the neighborhood {z Gl": \z — zq\ < 25}, that is, 



\ z \n(i-P) = a m e im - z ; 



see, for example, [12, p. 266]. 

Set z\ = 5~ 1 zq. Choose a E (0, oo) such that a = a(a + 1)(2 + \zi\). For any B € 
we denote by B' the ball centered at cb — tbz\ with radius tb- Notice that 



B' C B(c B , (1 + \zi\)r B ) C B(c B >, (1 + 2|zi|)r B ). 
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This combined with (2.1) implies that j{B) ~ j(B') with the equivalent constants de- 
pending on z\. Moreover, for any x G B and y G B', we have 



6(x - y) 



- zo 



< 



S(x - cb) 



tb 



+ 



S(c B - y) 



tb 



- z 



< 25. 



Set s(x) = sgn[6(x) — b B ']- Notice that for any y £ B' and x G B, by (2.4), we obtain 

\y-x\ <\y - c B >\ + \c B > -c B \ + \c B - x\ 

< (2 + |zi|)r B < (2 + \zi\)am(cB) < o(o + 1)(2 + \zi\)m(x); 

thus, B' C B(x,am(x)) for all x G B. Then we have 



f \b(x)-b B >\<h(x) 

J B 



(r B ) n(1 -> 3) f f bjx) - b(y) 
' j(B') J B JBi[S\x-y\] n ^ 

(g-l rB )n(l-/3) 

xs(x)x B (a;)x B /(y)d7(?/)(i7(a;). 
Jul 



S(x - y) 



tb 



"(1-/3) 



s(x) dj(y) dj(x) 



E 




b{x) - b(y) 



B(x,am(x)) [& ^ \x ~ 13 



If we set / m (y) = e rB XB'(y) for all y G M n and g m (x) = e ' t b s(x)xb(%) for all 
x G M n , then the last formula above equals to a constant multiple of 



^Ta m f [6,/f](/ m )(x)e-l-l 2 ( 1 -' 3 )< 7m (x)d 7 (x). 
mez» ^ Rn 



7(5') 



Notice that B' C £(c B ,(l + |zi|)r B ) and (2.4) imply that e~ |cs|2 ~ e _|c s' 12 . By this, 
su PP5m C -B and the fact e - ' 21 ' ~ e ~l Cs l for all x G -B, we obtain that e - ' 3 ^ ~ e~l Cs ' 
for all x £ B. From this and (2.2) together with Holder's inequality, we deduce that 

( < r 1 r i j) ri ( 1 - /3 )e-l c B'l 2 ( 1 -' 3 ) 



\b(x)-b B ,\d 7 (x) 



< 



E 



7(5') 

< [7( J B / )]" /3 [7(5)] W £ Kl||[6.^K/m) 



[6,/f](/ m )(x) d 7 (x) 



LP( 7 )^L<2( 7 ) 



m6Z" 

7(B). 



L«( 7 ) 



It follows that J s |5( x ) _5 B |^ 7 ( X ) < || [6, if ] ||lp( 7 )^l9( 7 )- Taking the supermum over 

all balls B £ B a yields that < ||[6, Ia\\[ij>(j)^L<i(i)- Hence, we complete the proof of 
Theorem 1.1. 
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Proof of Theorem 1.2 To show (i), by (2.2) and (2.3) together with an argument sim- 
ilar to that used in the proof of Corollary 3.1, we obtain 



[b,Mi\(f){x] 



\b(x)-b(y)\\f(y)\ 



p±d~f(y)~T^(b;f)(x), 



lB(x,2a(a+l)m(x)) [C^ 2 \X - y\ 

where a* = 2a(a + 1). Then following the argument used in the proof of Theorem 1.1 (i) 

yields that [b, Ma] admits a unique bounded extension from L p (j) to L q (j) with norm at 
most a constant multiple of 

Next we show (ii). Using Holder's inequality and the boundedness of [b, Ma], we obtain 
that for all B G B a , 

V 

IB 



1(B) 



\b{y)-b B \d 1 {y) < 



< 



h(B)] 
1 



[6,Mf](XB)(j/)d7(2/) 



%M1](XB) 


< 


[b,Ml] 






L«( 7 ) 




Lf(7)-L9( 7 ) 



h(B)] 1 ^ j B 

< [ 1 {B)] 1 l q '- l - f3 

which together with the fact b G L 1 ^) further implies that b G BMO (7). Thus, we 
complete the proof of Theorem 1.2. 

Proof of Theorem 1.3 First we prove (i). Observe that for all x G W 1 , 

(4.12) [&,M£] (/)(*) = b(x)MZ(f)(x) - M%(bf)(x) < [bJA^](f)(x). 
Moreover, if we further assume that b is a nonnegative function, then for all x G M n , 

(4.13) \[b,M%](f)(x)\<[bM](f)(x). 
For all x G W 1 , since 

-[b,M%\(f)(x) < M^b + f){x)+M^b-f){x)-b + (x)M^)^) + b-(x)M^U)^) 
<\[b + ,M^f)(x)\+M^b-f)(x)+b-(x)M^f)(x), 

we then apply (4.13) and the fact [b+ , M%]{f)(x) < [b, M%](f){x) to obtain 

-[6,Mf](/)(x) < [b,MZ](f)(x)+M%{b-f)(x) + b-(x)MZ{f)(x), 
which together with (4.12) yields 

\[b,M%](f)(x)\ < [^i](f)(x) + M^(b-f)(x) + b-(x)M^f)(x). 

Then applying Theorem 1.2 (i) and Corollary 3.1 together with the assumption b~ G L°°(^) 
yields Theorem 1.3 (i). 
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To prove (ii), we first show b e BMO(7). To this end, fix 5 G B a . Then set 

E = {xeB : b(x) < b B }. 
Recall that b B is the integral average over the ball B. It is not difficult to see that 



Thus, 
(4.14) 



l(B) 



[ \b(x)-b B \d 7 (x) 
Je 



\b(x)-b B \dj(x) = 



B\E 



\b(x) - b B \ d^(x). 



B 



l(B) J E 
2 



[b B - b(x)] d 7 (x) 

My) ~ b (x)] dj(y) dj(x) 



E JB 



For all x € B and B G £> a , we have 

7(5 n 5) 
sup — 

5 6Hb (x) bOT-^W 



max < 



sup 



7 (5 n 5) / 7 (5)\ 



BeBaW 7(5) \7(-B)/ 

^ 7 (B)> 7 (S) 



7(5 n 5) / 7 (5) 
sup — — — — — 

S £ B.(.) 7(5) ^7(5) 

7 (S)< 7 (S) 



1-/3 



< 1, 



which further implies that 



sup 



7(5 n 5) 



= 1. 



BeBa(x) [l(B)Y-ni(B)f 
Equivalently speaking, for all B e B a and x G 5, 

(4.15) A*£(xb)(*) = [l(B)f- 

This combined with (1.5) and (1.6) yields that for all x € R n , 

1 



[b,M%]( XB )(x) 



> sup 



> 



B6B o( x) MB)} 1 '' 3 JB 
1 



_ Ky)XB(y) d~/(y) - b(x)M%(xB)(x) 



[b(y)-b(x)]d 7 (y). 



ll(B)] 1 ^ Jb 
Inserting this into (4.14) yields 

j B \b{x)-b B \d-f{x) < ^^y+p J e \[1>,M%\(xb)(x)\ dj(o 
~ R5W Jb I ^ M ° ] {XbKx) \ dl{x) ' 



(x 
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Then using Holder's inequality and the boundedness of [6, Ala] from W^) to L q (-f), we 
further obtain that for all B G B a , 



^ J b \b(x) - 6 fl | d 7 (x) < 2[ ]™+* I [6, Mfi (xb 



l{B) 



L«( 7 ) 



i? 1 3 

Taking the supremum over all balls B 6 B a yields ||6||* a ' < || [b, Ma] \\lp(j)^li(j)- This 
and the hypothesis b £ L 1 ^) together with (2.8) and (1.1) imply that b <G BMO (7). 

We still need to prove that b~ € L°°(~j). The differentiation theorem for the integral 
implies that for almost all x G M n , 



< 2 



Lp( 7 )-L<*( 7 ) 



(4.16) 



b + (x) 



lim 



1 



B£B a (x),r B ^0 j(B) J B 



b + (z)dj(z) 



Fix x satisfying (4.16). Then for any given e > 0, there exists B € B a (x) such that for 
all B <G B a {x) and B C Bq, we have 



6+ (a 



1 



7(5) 



6+(z)d 7 (^; 



and hence, 



&+(*)< ^^6 + (*)d 7 (*)+e. 
It follows that for a; satisfying (4.16), 

(4.17) b-(x)<^—[ b + {z)d 1 {z) + e-b + {x) + b-{x) 

Jb 

= ^B) j B h+{z) dl{z) + " " b{x) ~ 7M j B ^ ^ ~ b W + e - 
For the above B satisfying B € B a (x) and B C Bq, we use (4.15) to obtain that 

jf | 6(z) | d 7 (z) - b(x) =^J b Hz)\*y(') ~ b{x)M^ X B)(x)b{B))- p 
<b(B)]- P \[b,M^]( X B)(x) 

Inserting this into (4.17) yields 

(4.18) b-(x)<ty{B)]-P\[b,MZ]( X B)(x 



+ e. 



We take the integration average over B on both sides of (4.18), then use Holder's inequality 
and the boundedness of [b, Ma], and finally obtain 



^)/ B Ml)d7(x) -^ 



[b,MZ](xB)(x) d 1 {x) + . 



< h(B)]^'^\\[b,M^ XB )\\ Lq{l) + e< ||[6,^]|| L P (7HL , (7 ) 



+ e. 
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This combined with the differentiation theorem for the integral implies that for the points 
y G Bq such that (4.16) holds with b + replaced by b~, 

b-(y) < \\[b,M^]\\ L P { ^ Lq{l) +e. 

So for the point x satisfies (4.16) and also satisfies (4.16) with b + replaced by b~, we have 

b~(x) < ||[6,A^f]|| i j.( 7 )_ > L9(7) +e- 

Letting e — > yields 

||&"||l<»( 7 ) < \\[b,M^]\\ LP(l) ^ Lq(l) . 
Thus, we obtain the desired results of (ii). This finishes the proof of Theorem 1.3. 
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